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Abstract
The gravitational effective average action is studied in a bimetric truncation with a
nontrivial background field dependence, and its renormalization group flow due to a scalar
multiplet coupled to gravity is derived. Neglecting the metric contributions to the cor-
responding beta functions, the analysis of its fixed points reveals that, even on the new
enlarged theory space which includes bimetric action functionals, the theory is asymptoti-
cally safe in the large N expansion.
1 Introduction
The gravitational average action [1] is a universal tool for investigating the scale depen-
dence of the quantum gravitational dynamics. It can be used in both effective and fun-
damental field theories of gravity. In particular it has played an important role in the
Asymptotic Safety program [2, 3, 4]. In fact, the effective average action seems to evolve
along renormalization group (RG) trajectories which have exactly the properties postu-
lated by Weinberg [2], that is, in the ultraviolet (UV) they run into a nontrivial fixed
point with a finite dimensional UV-critical surface [1]-[36]. A complete and everywhere
regular RG trajectory then defines a fundamental and predictive quantum field theory of
gravity. At every fixed coarse graining scale the effective average action [37]-[40] gives rise
to an effective field theory valid at that scale. This property has been exploited in some
first phenomenological investigations of asymptotically safe gravity [41]-[51], for instance
in inflationary cosmology [45], see also [52].
One of the key requirements every future fundamental quantum theory of gravity must
meet is that of “background independence” [53]. Loosely speaking this means that none of
the theory’s basic rules and assumptions, calculational methods, and none of its predictions,
therefore, may depend on any special metric that is fixed a priori. All metrics of physical
relevance must result from the intrinsic quantum gravitational dynamics1. While in loop
quantum gravity [55, 56, 57] and in the discrete approaches [58]-[61] the requirement of
“background independence”2 is met in the obvious way by completely avoiding the use
of any background metric or a similar non-dynamical structure, this seems very hard to
do in a continuum field theory. In fact, in the gravitational average action approach [1]
“background independence” is implemented by quite a different strategy: one introduces
an arbitrarily chosen background metric g¯µν at the intermediate steps of the quantization,
but verifies at the end that no physical prediction depends on which g¯µν was chosen. In this
way one may take advantage of the entire arsenal of techniques developed for quantizing
fields in a fixed curved background. However, what complicates matters as compared to the
usual situation, is that the background spacetime is never concretely specified; hence there
is no way of exploiting the simplifications that would arise for special, highly symmetric
backgrounds such as Minkowski or de Sitter space, say. In a sense, one is always dealing
with the “worst case” as far as the complexity of the background structures is concerned.
1See [30] and [54] for a more detailed discussion of this point.
2 Here and in the following we write “background independence” in quotation marks when it is supposed
to stand for the above general principle, rather than for the independence of a background field.
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On the other hand, the crucial advantage of this approach is that it sidesteps all the
profound conceptual difficulties and the resulting technical problems that emerge when
one tries to set up a quantum theory without any metric at the fundamental level. The
difficulties one faces in a program of this type are comparable to those encountered when
one tries to quantize a topological field theory on a manifold which carries only a smooth
but no Riemannian structure.
Thus, from now on we assume that the gravitational degrees of freedom can be encoded
in a metric tensor field. We fix a background metric g¯µν and quantize the nonlinear
fluctuations of the dynamical metric, hµν , in the “arena” provided by g¯µν , and we repeat
this quantization process for any choice of g¯µν . In this manner we arrive at an infinite
family of quantum theories for hµν , whereby the family members are labeled by a classical
(pseudo-) Riemannian metric g¯µν .
The dynamical content of this family is fully described by an effective action Γ[h¯µν ; g¯µν ]
which depends on two arguments3: the expectation value of the fluctuation, h¯µν ≡ 〈hµν〉,
and the background metric. If the background-quantum field split is chosen linear, the
expectation value h¯µν gives rise to a corresponding expectation value
gµν = g¯µν + h¯µν (1.1)
of the metric operator γµν , i.e., gµν = 〈γµν〉 where γµν = g¯µν + hµν . The action Γ[h¯; g¯]
entails an effective field equation which governs the dynamics of h¯µν(x) ≡ h¯µν [g¯](x) in
dependence on the background metric:
δ
δh¯µν(x)
Γ[h¯; g¯] = 0. (1.2)
For special, so-called “self-consistent” backgrounds g¯µν ≡ g¯selfconµν it happens that eq. (1.2) is
solved by an identically vanishing fluctuation expectation value h¯µν [g¯
selfcon
µν ](x) ≡ 0. Then
the expectation value of the quantum metric gµν ≡ gµν [g¯] equals exactly the background
metric, gµν = g¯µν . The defining condition for a self-consistent background,
δ
δh¯µν(x)
Γ[h¯; g¯selfcon]
∣∣∣
h¯=0
= 0 , (1.3)
is referred to as the tadpole equation since it expresses the vanishing of the fluctuation
1-point function. In fact, the corresponding n-point 1PI Green’s functions for generic g¯ are
given by
δ
δh¯µν(x1)
· · · δ
δh¯ρσ(xn)
Γ[h¯; g¯]
∣∣∣
h¯=0
. (1.4)
3 For simplicity we ignore the Faddeev-Popov ghosts and possible matter fields here.
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It is a well known “magic” of the background formalism that by using an appropriate
gauge fixing condition [62] a set of on-shell equivalent Green’s functions is generated by
differentiating the reduced functional Γ¯[g¯] ≡ Γ[h¯; g¯]
∣∣∣
h¯=0
with respect to g¯µν :
δ
δg¯µν(x1)
· · · δ
δg¯ρσ(xn)
Γ¯[g¯] . (1.5)
The Green’s functions (1.4) and (1.5) are equivalent on-shell only if the quantization scheme
employed respects the background-quantum field split symmetry in the physical sector. It
expresses the arbitrariness of the decomposition of gµν as a background plus a fluctuation.
In the linear case the corresponding symmetry transformation are
δh¯µν = ǫµν , δg¯µν = −ǫµν (1.6)
for any ǫµν . If the split symmetry is appropriately implemented at the quantum level, the
reduced functional Γ¯[g¯] which depends on one argument only has exactly the same physical
contents as the more complicated Γ[h¯; g¯].
Up to now we tacitly assumed that the microscopic (bare) action governing the dynam-
ics of γµν is known a priori, as this would be the case in an ordinary quantum field theory.
In the Asymptotic Safety program [2], the situation is different: the pertinent bare action
is not an input but rather a prediction of the theory. More precisely, the idea is to set up
a functional coarse graining flow on the space of all (diffeomorphism invariant) functionals
Γ[h¯; g¯], to search for nontrivial fixed points of this flow and if there are any, to identify the
bare action with one of them. This construction yields a quantum field theory with a well
behaved UV-limit.
This idea has been implemented in the framework of the gravitational average action
[1, 14]. Here one defines a coarse grained counterpart of the ordinary effective action, the
effective average action Γk[h¯; g¯], in terms of a functional integral containing an additional
mode suppression factor exp (−∆kS) quadratic in h, and performs the coarse graining by
suppressing the contributions of the hµν-modes with a covariant momentum smaller than
the variable IR cutoff scale k [37, 38, 39]. The k-dependence of the effective average action
Γk[h¯; g¯] is governed by a functional RG equation (FRGE) which defines a vector field (a
“flow”) on theory space. At k = 0, the average action Γk equals the ordinary effective
action Γ, and only the gauge fixing term breaks the split symmetry. Hence, for k = 0,
Γk[h¯; g¯] does not contain more gauge invariant information than the reduced functional
Γ¯k[g¯] ≡ Γk[h¯; g¯]
∣∣∣
h¯=0
does.
It is crucial to realize that this (on-shell) equivalence of the two functionals at k = 0 does
not generalize to k > 0. At every nonzero scale k the coarse graining operation unavoidably
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leads to an additional violation of the split symmetry since the action ∆kS is not invariant.
It contains h¯µν and g¯µν separately, not only in the split invariant combination h¯µν+ g¯µν . In
a sense, Γk[h¯; g¯] contains more information than Γ¯k[g¯] if k > 0. An immediate consequence
is the well known fact [38, 1] that it is impossible to write down a FRGE in terms of the
reduced functional Γ¯k[g¯] alone. The actual theory space is more complicated, consisting of
functionals with two metric arguments and, to be precise, also ghost arguments Cµ and C¯µ,
respectively: Γk[h¯µν , C
µ, C¯µ; g¯µν ]. Often it is convenient to replace h¯µν with gµν ≡ g¯µν+ h¯µν
as the independent argument
Γk[g, g¯, C, C¯] ≡ Γk[h¯ = g − g¯, C, C¯; g¯] . (1.7)
In the Γk[g, C, C¯; g¯]-notation the second argument parametrizes the so-called extra back-
ground field dependence, i.e., that part of the g¯µν-dependence which does not combine with
a corresponding h¯µν-dependence to a full metric g¯µν + h¯µν ≡ gµν . If the split symmetry
was intact we had δ
δg¯
Γk[g, g¯, C, C¯] = 0. In general Γk has a nontrivial dependence on g¯µν
though, and so we can rightfully call Γk a bimetric action.
The enlarged theory space is the price one has to pay for the “background independence”
of the average action approach. Including a matter field A(x) its “points” are functionals
Γ[A, g, g¯, C, C¯] which are invariant under arbitrary diffeomorphisms acting on all arguments
simultaneously. If vµ is a generating vector field and Lv the corresponding Lie derivative
we have, to first order in vµ, Γ[A + LvA, g + Lvg, g¯ + Lvg¯, · · · ] = Γ[A, g, g¯, · · · ]. For later
use we write down the resulting Ward identity, for simplicity at C = C¯ = 0 and for a scalar
matter field:
2 gρν Dµ
δΓ[A, g, g¯]
δgµν(x)
+ 2 g¯ρν D¯µ
δΓ[A, g, g¯]
δg¯µν(x)
− (∂ρA) δΓ[A, g, g¯]
δA(x)
= 0 . (1.8)
Here and in the following the covariant derivatives Dµ and D¯µ refer to the Levi-Civita`
connections of gµν and g¯µν , respectively.
Up to now almost all applications of the gravitational average action employed a trun-
cated theory space with functionals of the form Γ[g, g¯, C, C¯] = Γ¯k[g¯]+classical gauge fixing
and ghost terms, where Γ¯k[g¯] ≡ Γk[g¯, g¯, 0, 0]. Hence in practice one had to deal with the
RG evolution of a single metric functional only, Γ¯k[g¯]. In ref. [30] a first example of an
RG flow with a nontrivial bimetric truncation was analyzed, albeit only in conformally
reduced gravity rather than the full fledged theory. In [30] also a number of conceptual
issues related to the bimetric character of the average action approach have been explained;
we refer the reader to this discussion for further details. A similar calculation in a different
gravity theory has been performed in [63].
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The purpose of the present paper is to perform the first investigation of a bimetric RG
flow involving the full fledged gravitational field. To be precise, we compute the contri-
bution of scalar matter fields to the beta functions of various Newton- and cosmological
constant-like running couplings which parametrize Γk[A, g, g¯] in certain truncations. The
quantum effects originating from the gravitational sector are neglected, which allows to
avoid the additional technical complications linked to the gauge-fixing of the theory. The
resulting RG flow is simple enough to be investigated analytically in a completely ex-
plicit way. This enables a detailed study of the conceptual points underlying the bimetric
truncations by identifying and highlighting the general aspects, which will be central to
more sophisticated computations in the future [64, 65]. As a spin-off, we re-examine the
Asymptotic Safety conjecture within a large-N approximation [15, 17], which gives the first
insights on how important the nontrivial bimetric dependence of Γk actually is.
The remaining sections of this paper are organized as follows. In Section 2 we analyze
the RG behavior of the most general bimetric non-derivative term contained in the average
action,
√
gYk(gµν , g¯µν). Here the fluctuation h¯µν = gµν − g¯µν is not required to be small.
In Section 3 we employ a complementary truncation of Γk, based on a systematic h¯µν-
expansion which includes all interaction terms built from up to two derivatives and up to
first order in h¯µν . We derive the RG flow on the corresponding five-dimensional theory space
and analyze its fixed point structure. The technical details underlying this calculation are
relegated to the Appendix. As an application, the resulting k-dependent tadpole equation
for self-consistent background geometries is discussed in Section 4. Finally, Section 5
contains our conclusions.
2 The Running Cosmological Constants
In the following we consider a multiplet of ns quantized scalar fields (AI) ≡ A, I =
1, · · · , ns, coupled to classical gravity. We quantize the scalars by means of a (truncated)
functional flow equation, being particularly interested in the gravitational interaction terms
induced by the quantum effects in the matter sector. In most parts of the analysis we take
the scalars free, except for their interaction with gravity. The system is described by an
effective average action Γk[A, g, g¯]. Even in this comparatively simple setting where gravity
itself is not quantized this action is “bimetric”: it depends on the full metric gµν since the
scalars couple directly to it, and it also depends on g¯µν because it is the background metric
which enters the scalar mode suppression term ∆kS[A; g¯] ≡ 12
∫
ddx
√
g¯ A(x)Rk[g¯]A(x)
where Rk[g¯] is the coarse graining operator [37, 38, 1].
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2.1 The functional RG equation
The FRGE for the quantized scalars A(x) interacting with classical gravity reads
∂tΓk[A, g, g¯] =
1
2
Tr
[(
Γ
(2)
k [A, g, g¯] +R[g¯]
)−1
∂tRk[g¯]
]
. (2.1)
As gravity is not quantized here, the trace is over the fluctuations of the scalars only, and
the Hessian Γ
(2)
k involves functional derivatives with respect to A only. As usual, t = ln k
denotes the “RG time”.
In the following it will be important to carefully distinguish the volume elements
√
g
and
√
g¯, respectively. The matrix elements of the Hessian operator contain two factors of
the latter, (
Γ
(2)
k
)
xy
≡ 〈x|Γ(2)k |y〉 =
1√
g¯(x)
√
g¯(y)
δ2
δA(x)δA(y)
Γk[A, g, g¯]. (2.2)
Products of operators such as Γ
(2)
k are defined in terms of their matrix elements as
(AB)
xy
=∫
ddz
√
g¯(z)Axz Bzy, and the position representation of the trace in (2.1) reads Tr
(A) =∫
ddx
√
g¯(x) Axx. Furthermore, if some operator has matrix elements Axy, we define
the associated (pseudo) differential operator Adiff-op by (Af)
x
≡ ∫ ddy√g¯(y) Axy fy =(Adiff-opf)(x) for every “column vector” fx ≡ f(x). We shall write  ≡ gµνDµDν and
 ≡ g¯µνD¯µD¯ν for the Laplace-Beltrami operators belonging to gµν and g¯µν , respectively.
2.2 The truncation ansatz
To start with, we explore the contents of the FRGE (2.1) with the following ansatz:
Γk[A, g, g¯] =
∫
ddx
√
g
(
1
2
gµν∂µA∂νA +
1
2
m¯2k A
2
)
+ 1
8piG
∫
ddx
√
g Yk
(
gµν(x), g¯µν(x)
)
. (2.3)
Here A always stands for
(
AI
)
, I = 1, · · · , ns. The ansatz (2.3) is taken to be O(ns)
invariant; appropriate sums over the index I are understood (A2 ≡ AIAI , etc.). The first
term in (2.3) is the action of a standard scalar coupled to the full metric gµν , the last
represents a generalization of the running cosmological constant induced by the scalars.
It is assumed to contain all possible non-derivative terms built from gµν and g¯µν . For the
time being we discard induced derivative terms. In particular the running of Newton’s
constant G is neglected. The normalization and the explicit factor of
√
g in the second
term on the RHS of (2.3) are chosen such that the constant term of the function Yk equals
the cosmological constant:
Yk(gµν , g¯µν) = Λk + “more”. (2.4)
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In order to project out the beta function of Yk it is sufficient to insert x-independent
metrics gµν and g¯µν into the FRGE. In this case the Hessian resulting from the ansatz (2.3)
is
Γ
(2)
k [A, g, g¯] =
√
g√
g¯
(− + m¯2k) , (2.5)
where we employed the differential operator notation.
2.3 The cutoff operator
Now we come to a crucial step which highlights the role of the background metric: the
construction of the cutoff operator. Recalling that Rk may depend on the background
metric only, we define it by the requirement that upon adding Rk to the Hessian and
setting g = g¯ the operator (−) which then appears in Γ(2)k [A, g¯, g¯] must get replaced by
−+ k2R(0)(−/k2). Here R(0) is an arbitrary shape function [37, 39] with the standard
properties R(0)(0) = 1 and limz→∞R
(0)(z) = 0. The condition(
Γ
(2)
k [A, g, g¯] +Rk[g¯]
)∣∣∣
g=g¯
= Γ
(2)
k [A, g¯, g¯]
∣∣∣
−→ −+k2R(0)(−/k2)
(2.6)
leads to an operator which at first sight appears familiar,
Rk[g¯] ≡ Rk(−) = k2R(0)
(−/k2) (2.7)
which, however, appears in the FRGE combined with the Hessian for gµν different from
g¯µν :
Γ
(2)
k [A, g, g¯] +Rk[g¯] =
√
g√
g¯
(−+ m¯2k)+ k2R(0)(−/k2). (2.8)
Most of the unfamiliar features we are going to find in the following are due to the interplay
of the standard cutoff operator Rk with a Hessian containing the ratio of the volume
elements
√
g/
√
g¯.
2.4 The RG equation for Yk
The trace of the flow equation is easily evaluated in a standard plane wave basis now. With
m ≡ m¯k/k we have:
√
g ∂tYk(gµν , g¯µν) = 8πGns k
d
∫
ddq
(2π)d
R(0)(g¯µνqµqν)−
(
g¯µνqµqν
)
R(0)
′
(g¯µνqµqν)
(
√
g/
√
g¯)(gµνqµqν) +R(0)(g¯µνqµqν) +m2(
√
g/
√
g¯)
.
(2.9)
The integral on the RHS of this flow equation represents a scalar density which depends on
two constant matrices, gµν and g¯µν . It cannot be evaluated in closed form. In the following
8
we calculate it for two special cases, namely for gµν and g¯µν both proportional to the unit
matrix, and by expanding in their difference gµν − g¯µν = h¯µν .
2.5 The volume element truncation
Now we make a further truncation and restrict Yk to depend on the metrics via their
volume elements only: Yk(gµν , g¯µν) ≡ Pk(√g,√g¯). In this case, the beta function of Pk
can be found by inserting two conformally flat metrics
gµν = L
2 δµν , g¯µν = L¯
2 δµν (2.10)
into the flow equation (2.9) and keeping track of the constants L and L¯. One then observes
that ∂tPk actually depends on the ratio √g¯/√g = (L¯/L)d ≡ ρd only. Thus, setting
Yk(gµν , g¯µν) ≡ Qk(ρd) with ρ ≡ L¯/L, we obtain
∂tQk(ρd) = 16π vdGns kd ρd
∫ ∞
0
dy yd/2−1
R̂(0)(y)− yR̂(0)′(y)
y + R̂(0)(y) + (m/ρ)2
. (2.11)
Here, vd ≡
[
2d+1πd/2Γ(d/2)
]−1
, y = L¯−2δµνqµqν , and
R̂(0)(y) ≡ ρd−2 R(0)(y) . (2.12)
From now on we employ the “optimized” shape function [40] R(0)(y) = (1− y)θ(1− y),
whence
∂tQk(ρd) = 16π vdGns kd ρd Jd(α, µ). (2.13)
Here
α ≡ ρ2−d − 1 ≡ (L¯/L)2−d − 1 , µ ≡ m2ρ−d , (2.14)
and
Jd(α, µ) ≡
∫ 1
0
dy yd/2−1 [1 + µ+ αy]−1 . (2.15)
The integrals (2.15) can easily be computed explicitly. Let us specialize for d = 4 now.
Then
J4(α, µ) = 1
α
[
1− (1 + µ
α
)
ln
(
1 +
α
1 + µ
)]
(2.16)
and the flow equation reads
∂tQk(ρ4) = G
2π
ns k
4 ρ4J4(α, µ) . (2.17)
At first, let us neglect the scalar mass, setting m = 0 and µ = 0 therefore. Then
the RG equation (2.17) can be integrated trivially: Qk = Qk=0 + G8pi ns k4 ρ4I4(α), where
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we abbreviate I4(α) ≡ J4(α, 0). As for the constant of integration, Qk=0, it is important
to recall that the g¯µν-dependence of Γk is entirely due to the cutoff Rk[g¯] in the case at
hand as we have no gauge fixing terms. As a result, Γk and in particular Yk must become
independent of g¯ at k = 0 since Rk[g¯] vanishes there. This implies that Qk=0 may not
have any ρ-dependence. In fact, it equals the “ordinary” cosmological constant Λ0 which
multiplies the volume element
√
g in the effective action Γ ≡ Γ0:
Qk(ρ4) = Λ0 + 1
8π
G ns k
4 ρ4I4(α) . (2.18)
Using (2.18) in the truncation ansatz (2.3) we obtain the following explicit representation
for the non-derivative terms in the average action:
Γnon-derivk [A, g, g¯] =
1
8πG
∫
d4x
√
g Λ0
− ns
64π2
k4
∫
d4x
√
g¯
1−√√g/√g¯
[
1 + 1
2
{
1−
√√
g/
√
g¯
}−1
ln
(√
g√
g¯
)]
. (2.19)
This is one of the our main results, and several comments are in order here.
(A) Obviously the induced non-derivative terms are neither proportional to
√
g nor to
√
g¯
but rather to a complicated function of their ratio, times an extra factor of
√
g¯. (The
explicit factor of ρ4 on the RHS of (2.18) has converted the
√
g in the ansatz
∫ √
g Yk to
a
√
g¯.)
(B) The induced term is regular for any ratio g/g¯ ∈ (0,∞). In fact, writing (2.19) as
Γnon-derivk [A, g, g¯] =
Λ0
8πG
∫
d4x
√
g +
ns
64π2
k4
∫
d4x
√
g¯ I4
(
α = (g/g¯)1/4 − 1) , (2.20)
and using the expansion
I4(α) =
1
2
− 1
3
α +
1
4
α2 + O(α3) , (2.21)
we see that actually Γnon-derivk [A, gµν , g¯µν ] has no singularity at α = 0, i.e., at g = g¯.
(C) Let us specialize the result for the regime g ≈ g¯. This amounts to expanding in the
fluctuation variable h¯µν ≡ gµν − g¯µν or, equivalently, in the variable α since
α ≡ (g/g¯)1/4 − 1 = 1
4
h¯µµ +
1
32
(h¯µµ)
2 − 1
8
h¯µνh¯
µν +O(h¯3µν). (2.22)
(Here indices are raised and lowered with g¯µν .) The essential quantity in (2.20) is
√
g¯ I4(α).
The first few terms of its α expansion read
√
g¯ I4(α) =
1
2
√
g¯ − 1
3
[√√
g¯
√
g −√g¯
]
+
1
4
[√
g − 2
√√
g¯
√
g +
√
g¯
]
+O(α3) . (2.23)
10
In the g ≈ g¯ regime there is clearly no preference for g-monomials over g¯-monomials or vice
versa, so the truncation ansatz cannot be simplified accordingly: any meaningful truncation
is genuinely “bimetric”! Note also that the monomial
√√
g
√
g¯ which was individually
included in the truncation studied in [30]4 never is generated in isolation. According to
(2.23) it is always accompanied by other, a priori equally important terms involving
√
g
and
√
g¯.
(D) It is instructive to rewrite the expansion about g = g¯ in terms of h¯µν . Up to linear
order the relevant terms in Γk[A, gµν , g¯µν ] ≡ Γk[A, h¯µν ; g¯µν ] are
Γnon-derivk [A, h¯; g¯] =
Λ
(0)
k
8πG
∫
d4x
√
g¯ +
Λ
(1)
k
8πG
· 1
2
∫
d4x
√
g¯ g¯µνh¯µν +O(h¯
2
µν). (2.24)
Here Λ
(0)
k is a background cosmological constant multiplying
∫ √
g¯ rather than
∫ √
g, and
Λ
(1)
k is an analogous, but numerically different running coupling in the (only) term linear
in h¯µν . Explicitly,
Λ
(0)
k = Λ0 +
ns
16π
G k4 , Λ
(1)
k = Λ0 −
ns
48π
G k4 . (2.25)
Note the different signs on the RHS of the equations: Λ
(0)
k increases, but Λ
(1)
k decreases for
growing k. Note also that when k 6= 0 the RHS of (2.24) cannot be written as a functional
of the single metric g¯µν + h¯µν ≡ gµν alone as this would require it to be proportional to√
g =
√
g¯ + 1
2
√
g¯ g¯µνh¯µν +O(h¯
2
µν). But this is not the case just because Λ
(0)
k 6= Λ(1)k .
(E) Computations within the setting of single metric truncations retain only the terms of
zeroth order in h¯µν . They equate the two metrics gµν and g¯µν , and traditionally denote the
one metric which is left over then by gµν . In this setting, eq. (2.24) would boil down to
Γnon-deriv,single metrick [A, g, g] =
Λ
(0)
k
8πG
∫
d4x
√
g . (2.26)
Thus, in a single metric truncation, it is the parameter Λ
(0)
k which would be interpreted
as “the” cosmological constant, the one, and only one, responsible for the curvature of
spacetime. From the more general perspective of the bimetric truncation we understand
that this is actually missleading. We shall discuss this point in detail in Section 4.
(F) We saw that, in the regime
√
g ≈ √g¯, the true cosmological constant monomial
√
g plays no distinguished role. Next let us see whether this could be the case when
√
g ≪√g¯. Let us try an expansion in σ2 ≡√√g/√g¯ ≪ 1. In a σ2-expansion of (2.20) with
4 Note, however, that
√√
g
√
g¯ plays a distinguished role in the conformally reduced gravity setting of
[30]. It amounts to a mass term of the scalar field appearing there.
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α ≡ σ2−1 there would indeed appear a √g monomial in isolation, the first few terms of the
power series being
√
g¯(σ2)0 =
√
g¯,
√
g¯(σ2)1 =
√√
g
√
g¯,
√
g¯(σ2)2 =
√
g,
√
g¯(σ2)3 =
g3/4g¯−1/4, · · · . However, taking the explicit form of I4 into account one finds that an
expansion of this type actually does not exist, since I4(α = σ
2 − 1) ≈ −(1 + lnσ2) when
σ ≪ 1. Hence I4 is not analytic at σ2 = 0. So the conclusion is that in this regime, too,
the
√
g-monomial plays no distinguished role in the truncation. (The same is true for the√√
g
√
g¯ term considered in [30].)
(G) Up to now, the scalars A were assumed massless. If we allow for a non-zero dimension-
less mass m ≡ m¯k/k so that now µ = (m¯2k/k2)(
√
g/
√
g¯)d, the RG equation (2.17) no longer
can be integrated trivially. The general properties of the flow are clear though: if k ≫ m¯k,
the matter field is still approximately massless and the above discussion applies. If, on
the other hand, k ≪ m¯k the scalar decouples and its contribution to the running of Qk
becomes tiny. If we neglect the running of the dimensionful mass m¯k ≡ M the parameter
µ diverges ∝ 1/k2 below the threshold at k = M . Expanding J (α, µ) = 1
2µ
+ O( 1
µ2
) we
obtain the leading term below the threshold:
Γnon-derivk =
1
8πG
∫
d4x
{√
gΛ0 +
√
g¯
(√
g¯√
g
)
G
24π
ns k
4
[
k2
M2
+O
(
k4
M4
)]}
. (2.27)
In the massive regime an extra factor k2/M2 ≪ 1 suppresses the running of the non-
derivative term. Here, again, it is not of the standard
√
g-form, but rather proportional to
g¯/
√
g.
(H) So far, the discussion was based upon an evaluation of the integral formula (2.9) for
metrics gµν and g¯µν which are conformal to δµν , see (2.10). If one wants to know the
tensorial structure of the terms in Yk one must go beyond this special case. A systematic
strategy for doing this is an expansion in h¯µν = gµν − g¯µν , whereby gµν and g¯µν are still
constant matrices, but not necessarily proportional to δµν . Carrying out this expansion up
to linear order in h¯µν we find a result of the form (2.24), generalized for arbitrary d, with
Λ
(0)
k =Λ0 +
ns
(4π)d/2−1
2
d
Φ1d/2(0) G k
d ,
Λ
(1)
k =Λ0 −
ns
(4π)d/2−1
(d− 2)
d
Φ2d/2+1(0) G k
d .
(2.28)
Here the Φ’s are the usual R(0)-dependent threshold function of ref. [1], see also eq. (A.18)
in the Appendix. If one specializes for d = 4 and the “optimized” R(0), the result (2.28)
accidentally coincides with the one obtained from the conformally flat ansatz (2.25). As
(2.28) contains different Φ-functions, they depend on R(0) in a different way. This implies
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that any special relationship between the two cosmological constants Λ
(0)
k and Λ
(1)
k which
one might invoke, for instance in order to restore split symmetry, cannot have a universal
(scheme independent) meaning at k 6= 0.
3 A systematic derivative- and h¯µν-expansion
In this section we explore the matter induced gravitational coupling constants in a differ-
ent parameterization of the average action. It comprises the first terms of a systematic
expansion of Γk[A, g, g¯] ≡ Γk[A, h¯; g¯] in powers of h¯µν and the number of derivatives.
3.1 The truncation ansatz
In the following, we will consider an average action of the form
Γk[A, h¯; g¯] = − 1
16πG
(0)
k
∫
ddx
√
g¯
(
R¯− 2Λ(0)k
)
+
1
16πG
(1)
k
∫
ddx
√
g¯
(
G¯µν − 1
2
Ek g¯
µν R¯ + Λ
(1)
k g¯
µν
)
h¯µν
+
∫
ddx
√
g
(
1
2
gµν ∂µA∂νA+ Uk(A)
) ∣∣∣
gµν=g¯µν+h¯µν
.
(3.1)
Here R¯ is the curvature scalar built from the background metric, G¯µν ≡ g¯µρg¯νσG¯ρσ, and
G¯µν ≡ R¯µν − 12 g¯µν R¯ denotes the background Einstein tensor. The functional (3.1) is
obviously invariant under diffeomorphisms acting simultaneously on h¯µν , A, and g¯µν , re-
spectively. The gravitational part of this ansatz is complete in the sense that it contains
all possible terms with no or one factor of h¯µν and at most two derivatives. The latter can
always be arranged to act on g¯µν , and diffeomorphism invariance then implies that they
occur as contractions of the background Riemann tensor. The matter part of (3.1) has
the same structure as in the previous section; now gµν is to be read as an abbreviation for
g¯µν + h¯µν , though.
There exist two h¯µν-independent field monomials with zero and two derivatives, respec-
tively, namely
∫ √
g¯ and
∫ √
g¯ R¯. In eq. (3.1) the corresponding prefactors are proportional
to Λ
(0)
k /G
(0)
k and 1/G
(0)
k , respectively. In the sector with one power of h¯µν there are three
possible tensors structures for the corresponding one-point function, namely G¯µν and g¯µνR¯
with two, and g¯µν with no derivatives. Their prefactors define new running couplings
1/G
(1)
k , Ek/G
(1)
k , and Λ
(1)
k /G
(1)
k , respectively. (The superscripts (0), (1), . . . indicate the
h¯µν-order in which the coupling in question occurs.)
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The functional (3.1) is defined for completely independent fields h¯µν and g¯µν ; hence Γk
has an “extra” g¯µν-dependence in general which does not combine with h¯µν to a full metric
gµν = g¯µν + h¯µν . Nevertheless it is instructive to consider (3.1) for the special case of no
extra g¯µν-dependence. The background-quantum field split symmetry is intact then and
Γk depends on g¯µν and h¯µν via their sum only. The resulting gravitational part is obtained
by expanding the Einstein-Hilbert action,
ΓEHk [g¯ + h¯] ≡ −
1
16πG
(0)
k
∫
ddx
√
g
(
R(g)− 2Λ(0)k
) ∣∣∣
gµν=g¯µν+h¯µν
, (3.2)
up to terms of first order in h¯µν . The expansion is of the form (3.1) with special coefficients,
however:
G
(1)
k = G
(0)
k , (3.3a)
Λ
(1)
k = Λ
(0)
k , (3.3b)
Ek = 0. (3.3c)
It needs to be stressed that the relations (3.3) are not satisfied in general. Since the
cutoff term ∆kS breaks the split symmetry, Γk does have an extra background dependence,
and so the terms with one power of h¯µν are not the linearization of any functional depend-
ing on the sum g¯µν + h¯µν only. As a consequence, we encounter two running couplings,
G
(0)
k and G
(1)
k , both of which are related to the classical Newton constant, but have a dif-
ferent conceptual status and numerical value. The same remark applies to the running
cosmological constants Λ
(0)
k and Λ
(1)
k .
Furthermore, we emphasize that when the split symmetry is broken there is no sym-
metry principle that would force the second derivative terms with one h¯µν factor to be
proportional to the Einstein tensor. There are actually two independent tensor structures,
R¯µν h¯µν and R¯ g¯
µν h¯µν , respectively; they can equivalently be chosen as G¯
µν h¯µν together
with R¯ g¯µν h¯µν . Hence Ek 6= 0 in general. (The implications of a non-vanishing Ek for the
effective field equations will be discussed below.)
If, as in the system discussed in the present paper, the cutoff term ∆kS is the only source
of split symmetry violation the average action looses its extra g¯-dependence in the “physical
limit”k → 0. We expect the relations (3.3) to be satisfied then. In non-gauge theories the
ordinary effective action limk→0 Γk[A, g, g¯] ≡ Γ[A, g] has no “extra” g¯-dependence.
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3.2 The five-dimensional RG flow
In order to obtain the beta functions for the running couplings in the truncation ansatz
we must insert (3.1) into the flow equation (2.1), compute the trace on its RHS, and
project it on the various monomials. For bimetric truncations computations of this kind
are considerably more involved than in the single metric case. In the present situation where
one must retain only one power of h¯µν the calculation still can be done in a comparatively
elegant way. Some details, in particular the new strategies to cope with the h¯µν-dependence
are given in the Appendix. Here we only present and analyze the results.
As we are not interested in the renormalization of the matter sector we only include
a mass term in the potential: Uk(A) = 12m¯2kA2. The dimensionful mass m¯k has the same
value for all components of A, and we neglect its scale dependence, m¯k ≡ m¯. The RG
equations are most conveniently written down in terms of the dimensionless quantities
mk ≡ m¯/k, Ek, and
g
(0)
k ≡ kd−2 G(0)k , λ(0)k ≡ k−2Λ(0)k , g(1)k ≡ kd−2 G(1)k , λ(1)k ≡ k−2Λ(1)k . (3.4)
Furthermore, it is convenient to introduce the following anomalous dimensions for the two
running Newton constants:
η
(0)
N ≡
∂tG
(0)
k
G
(0)
k
, η
(1)
N ≡
∂tG
(1)
k
G
(1)
k
. (3.5)
For the couplings of order zero in h¯µν , the RG equations assume the following form:
∂t g
(0)
k =
[
d− 2 + η(0)N
]
g
(0)
k , (3.6a)
∂t λ
(0)
k =
[
η
(0)
N − 2
]
λ
(0)
k + 2ns (4π)
1−d/2 g
(0)
k Φ
1
d/2(m
2
k) . (3.6b)
Similarly, one finds at order one:
∂t g
(1)
k =
[
d− 2 + η(1)N
]
g
(1)
k , (3.7a)
∂t λ
(1)
k =
[
η
(1)
N − 2
]
λ
(1)
k − ns (4π)1−d/2 g(1)k
[
(d− 2) Φ2d/2+1(m2k) + 2m2k Φ2d/2(m2k)
]
, (3.7b)
∂tEk =
[
1
2
(d− 2) + Ek
]
η
(1)
N +
2
3
ns (4π)
1−d/2m2k g
(1)
k Φ
2
d/2−1(m
2
k). (3.7c)
The anomalous dimensions are explicitly given by
η
(0)
N =
2
3
ns (4π)
1−d/2 g
(0)
k Φ
1
d/2−1(m
2
k), (3.8a)
η
(1)
N =
2
3
ns (4π)
1−d/2 g
(1)
k Φ
2
d/2(m
2
k). (3.8b)
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Various remarks are in order here:
(A) The above five ordinary differential equations for g
(0,1)
k , λ
(0,1)
k , and Ek form two sets
which are completely decoupled: the order zero quantities g
(0)
k and λ
(0)
k enter only the
coupled system (3.6), while the order-one couplings g
(1)
k , λ
(1)
k , and Ek occur only in the
three-dimensional system (3.7).5
(B) The two-dimensional subsystem for the order zero quantities, eqs. (3.6a) and (3.6b),
is exactly what one obtains in a conventional single metric truncation, with g
(0)
k = g
(1)
k and
λ
(0)
k = λ
(1)
k interpreted as “the” Newton and cosmological constant, respectively, [17].
(C) The above equations make it manifest that the RG flow does indeed generate split
symmetry violating terms: the beta function of Ek is nonzero, and the beta functions for
the zeroth and first order Newton and cosmological constants are different.
(D) As we want split symmetry to be restored at k = 0, the constants of integration
contained in solutions to the above RG equations must be chosen in accord with (3.3).
This does not fix them completely, of course, but reduces the set of undetermined coupling
constants to the one arising in the single metric computation.
3.3 Nontrivial fixed points in the large N approximation
We close this section by studing the fixed point structure of the RG flow defined by the
above equations. In the large N limit N ≡ ns → ∞ the renormalization effects due
to the matter fields overwhelm those stemming from the gravitational field which have
been neglected here. Hence it makes sense to ask whether the above RG equations admit
“asymptotically safe” solutions, i.e. RG trajectories which run into a non-Gaussian fixed
point (NGFP) when k →∞.
For the sake of simplicity we restrict the discussion to d = 4 and m = 0. The system
for the order-zero quantities (3.6) then becomes
∂t g
(0)
k =
[
2 + η
(0)
N
]
g
(0)
k , η
(0)
N =
ns
6π
g
(0)
k Φ
1
1(0), (3.9a)
∂t λ
(0)
k =
[
η
(0)
N − 2
]
λ
(0)
k +
ns
2π
g
(0)
k Φ
1
2(0). (3.9b)
5The complete decoupling of the two sets of gravitational flow equations is accidental, however, and
owed to the simplicity of the model. In a more elaborate framework, which also includes the quantum
effects in the gravitational sector, the coupling constants appearing at higher orders in the h¯-expansion
will, in general, “feed back” into the beta functions capturing the running of the coupling constants at
lower orders [30, 64].
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The three coupled equations for the order-one couplings (3.7) simplify to:
∂t g
(1)
k =
[
2 + η
(1)
N
]
g
(1)
k , η
(1)
N =
ns
6π
g
(1)
k Φ
2
2(0), (3.10a)
∂t λ
(1)
k =
[
η
(1)
N − 2
]
λ
(1)
k −
ns
2π
g
(1)
k Φ
2
3(0), (3.10b)
∂tEk = [1 + Ek] η
(1)
N . (3.10c)
Owed to their decoupling, the two sets of equations can then be analyzed independently.
It is easy to see that both the order zero and the order one subsystem has a Gaussian
fixed point (GFP) as well as a non-Gaussian fixed point (NGFP). From (3.9) we read off
that the beta functions of g
(0)
k and λ
(0)
k vanish at the following two points:
GFP(0) : g(0)∗ = 0, λ
(0)
∗ = 0 , (3.11a)
NGFP(0) : g(0)∗ = −
12π
ns Φ
1
1(0)
, λ(0)∗ = −
3
2
Φ12(0)
Φ11(0)
. (3.11b)
The zeros of the order one beta functions are:
GFP(1) : g(1)∗ = 0, λ
(1)
∗ = 0, E∗ arbitrary , (3.12a)
NGFP(1) : g(1)∗ = −
12π
ns Φ
2
2(0)
, λ(1)∗ =
3
2
Φ23(0)
Φ22(0)
, E∗ = −1 . (3.12b)
The following points should be noted here.
(A) Any fixed point of the order zero system may be combined with any fixed point of the
order one equations. Hence we find four fixed points of the total system; symbolically:
GFP(0)⊗GFP(1), GFP(0)⊗NGFP(1), NGFP(0)⊗GFP(1), NGFP(0)⊗NGFP(1) . (3.13)
(B) The constants Φpn(0) are cutoff scheme, i.e., R
(0)-dependent, but their signs are univer-
sal. At both non-Gaussian fixed points the respective Newton constants assume negative
values. (In the case of g
(0)
∗ this was known already [17].) Inserting the “optimized” shape
function as an example one finds:
NGFP(0) : g(0)∗ = −
12π
ns
, λ(0)∗ = −
3
4
, (3.14a)
NGFP(1) : g(1)∗ = −
24π
ns
, λ(1)∗ =
1
2
, E∗ = −1 . (3.14b)
Note also the different signs of λ
(0)
∗ and λ
(1)
∗ .
(C) While we knew already from the single metric truncations that there exists a NGFP
in the order zero sector, the result concerning a nontrivial fixed point at order one is new.
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Clearly this is encouraging news for the Asymptotic Safety program. It requires a fixed
point on the “big” theory space spanned by functionals of the type Γ[A, h¯; g¯], and they
comprise terms of all orders in h¯µν , of course.
(D) If there was no split symmetry breaking the fixed points in the zero and first order
sectors were related, with (3.3) implying
g(1)∗ = g
(0)
∗ , (3.15a)
λ(1)∗ = λ
(0)
∗ , (3.15b)
E∗ = 0 . (3.15c)
Clearly the explicit results (3.14) are far from satisfying these relations, and we must
conclude that the violation of the split symmetry due to the mode cutoff has a significant
impact on the fixed point structure. It needs to be emphasized that it is quite nontrivial
that the known single metric fixed point did not get destroyed within the more general
bimetric truncation. We rather find that it splits into two different ones, one at the zeroth
and another one at the first level of the h¯µν-expansion.
(E) The running coupling Ek enters the action (3.1) via the combination
G¯µν − 1
2
Ek g¯
µν R¯ = R¯µν − 1
2
(1 + Ek) g¯
µν R¯ . (3.16)
The NGFP(1) fixed point value E∗ = −1 is quite special therefore. It is precisely such
that the Einstein tensor is converted to a pure Ricci tensor. Note that also that at the
GFP(1) the value of E∗ is arbitrary: if g
(1)
k = 0, the RHS of (3.10c) vanishes whatever is
the value of Ek. So strictly speaking we encounter a whole line of fixed points. Imposing
split symmetry leads to E∗ = 0 though.
(F) Imposing the restauration of split symmetry at k = 0, it is possible to solve the RG
equation (3.10c) explicitly for Ek in terms of G
(1)
k , for all values of k
Ek = G
(1)
k /G0 − 1 . (3.17)
Here G0 is the common value of G
(0)
k and G
(1)
k at k = 0. In the semiclassical regime we
have approximately G
(1)
k = G0
[
1 + ns
12pi
Φ22(0)G0 k
2
]
and Ek =
ns
12pi
Φ22(0)G0 k
2, hence Ek is
a tiny number of order k2/m2Pl there.
(G) The negative sign of g
(0)
∗ and g
(1)
∗ is of no relevance to the formal considerations of the
present paper; actually g
(0)
∗ is known to be positive for fermionic matter fields [17].
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4 Tadpole equation and self-consistent backgrounds
One of the perhaps somewhat unusual features of the effective average action at k 6= 0
is that its field-source relations (“effective field equations”) which govern the expectation
value fields involve Γ˜k ≡ Γk +∆kS rather than Γk. In an arbitrary theory with dynamical
(i.e., non-background) fields Φi these relations read, for vanishing sources [37],
δΓ˜k[Φ]
δΦi
≡ δΓk[Φ]
δΦi
+
δ∆kS[Φ]
δΦi
= 0 . (4.1)
Since, symbolically, ∆kS ∝
∫
ΦRk Φ, the last term in eq. (4.1) equals essentially RkΦi. It
vanishes at k = 0 since R0 = 0 by construction.
For the gravity-scalar system of the present paper the set (Φi) comprises A and h¯µν .
The effective field equation for the scalar reads
δΓk[A, h¯; g¯]
δA(x)
+
√
g¯Rk[g¯]A(x) = 0 . (4.2)
A similar equation, involving a term Rk h¯µν , holds for the metric fluctuation. This latter
equation simplifies when we search for self-consistent backgrounds, since then we impose
h¯µν = 0 so that the Rk h¯µν term is absent. Hence the generalization of the tadpole equation
(1.3) for k 6= 0 reads simply
δ
δh¯µν(x)
Γk[A, h¯; g¯
selfcon]
∣∣∣
h¯=0
= 0 . (4.3)
We call g¯selfcon a self-consistent background metric for the scale k if there exists a scalar field
configuration A(x) such that the coupled system of equations (4.2) and (4.3) is satisfied.
For the truncation ansatz (3.1) the scale dependent equation (4.3) reads explicitly,
omitting the superscript from g¯selfcon,
G¯µν − 1
2
Ek g¯
µν R¯ + Λ
(1)
k g¯
µν = 8πG
(1)
k T
µν [A, g¯] . (4.4)
Here T µν denotes the Euclidean energy-momentum tensor
T µν [A, g¯] ≡ −2 1√
g¯
δ
δgµν
ΓMk [A, g, g¯]
∣∣∣∣∣
g=g¯
. (4.5)
Within the truncation studied above the matter part of the average action, ΓMk [A, g, g¯], is
given by the last line in eq. (3.1). In this section we are slightly more general and allow
for an arbitrary matter action which may have an “extra” g¯-dependence. Above, such a
dependence was excluded by the form of the ansatz, but in more general truncations an
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“extra” g¯-dependence can be induced by the RG running. At k 6= 0 gravity interacts with
matter not only via the full metric g = g¯+ h¯, but also by split symmetry violating “extra”
g¯-couplings.
The condition for a self-consistent background (4.4) differs from Einstein’s equation by
the Ek-term on its LHS. This term is not forbidden by any general principle since (4.4) is
not the variation of a diffeomorphism invariant functional F [A, g], evaluated at g = g¯. If
it was, the pure gravity part in the 2-derivative sector of F [A, g] could only be
∫ √
g R(g),
which produces a pure Einstein tensor with no Ek-correction. In fact, the Ek-term owes its
existence to the violated split symmetry or, stated differently, to the bimetric character of
Γk[A, g, g¯] ≡ Γk[A, h¯; g¯]. What goes beyond the familiar variational principle that would
lead to the standard Einstein equation is precisely the “extra” g¯-dependence of Γk[A, g, g¯].
Interestingly, the tadpole equation (4.4) can be written as an ordinary Einstein equa-
tion, with no Ek-term on its LHS, but with a modified energy momentum tensor on its
RHS. To see this we take the trace6 of (4.4)
R¯ =
1
1 + 2Ek
(
4Λ
(1)
k − 8π G(1)k g¯µν T µν
)
. (4.6)
If we substitute this formula for the curvature scalar into the Ek-term of (4.4) we arrive
at a conventionally-looking Einstein equation
G¯µν = −Λ˜(1)k g¯µν + 8πG(1)k T˜ µν [A, g¯] . (4.7)
Yet, this equation contains a rescaled cosmological constant,
Λ˜
(1)
k ≡
Λ
(1)
k
1 + 2Ek
, (4.8)
and a modified energy-momentum tensor
T˜ µν [A, g¯] ≡ T µν [A, g¯]− Ek
2(1 + 2Ek)
g¯µν g¯αβ T
αβ[A, g¯] . (4.9)
The ordinary Einstein equation comes with a nontrivial integrability condition which
is of central importance, both from the mathematical and the physical point of view.
As a consequence of Bianchi’s identity, the equation is consistent only when the energy-
momentum tensor is covariantly conserved. For the tadpole equation (4.4) the situation is
more complicated. Applying D¯µ to it we obtain
D¯µT
µν [A, g¯] = −1
2
(
8πG
(1)
k
)−1
Ek g¯
µν∂µ R¯ . (4.10)
6 For simplicity we set d = 4 here.
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We see that if Ek 6= 0, the existence of a self-consistent background requires that the
energy-momentum tensor is not conserved, D¯µT
µν 6= 0, unless ∂µ R¯ = 0. Using (4.6) we
can re-express (4.10) as
D¯µT
µν [A, g¯] =
Ek
2(1 + 2Ek)
g¯µνD¯µ
(
g¯αβT
αβ[A, g¯]
)
. (4.11)
Again, we see that T µν can be conserved only if the trace g¯αβT
αβ, and therefore R¯, happens
to be constant.
Equivalently, we could have started form the form (4.7) of the tadpole equation. Then
the integrability condition is D¯µT˜
µν = 0 which, when rewritten in terms of T µν , likewise
leads to eq. (4.11).
So, given this new kind of integrability condition at finite k, can we actually expect the
tadpole equation to have solutions? First of all it is clear that for T µν = 0 the effective
Einstein equation is of the standard type, so for pure gravity7 the situation is the same as
in classical general relativity.
As for gravity coupled to matter, in classical relativity a standard argument shows
that the energy-momentum tensor is conserved if the matter action is invariant under
diffeomorphisms and the matter fields satisfy their equations of motion. Remarkably, the
same argument does not go through for the tadpole equation at k 6= 0, for two independent
reasons. Indeed, as ΓMk [A, g, g¯] is diffeomorphism invariant it satisfies a Ward identity of
the form (1.8) which, with (4.5), can be seen to imply at g = g¯
D¯µT
µν [A, g¯] = − g¯
µν∂µA√
g¯
δΓMk [A, g¯, g¯]
δA
+
2√
g¯
D¯µ
δΓMk [A, g, g¯]
δg¯µν
∣∣∣∣∣
g=g¯
. (4.12)
Note that the first term on the RHS of (4.12) is not in general zero when A is on shell,
the reason being that (4.12) involves δΓMk /δA while the equation of motion is (4.2), or
δΓMk /δA = −
√
g¯Rk[g¯]A. Thus, this term equals g¯µν (∂µA)Rk[g¯]A and so it is nonzero
even when A is on-shell. However, as it should be, it vanishes in the limit k → 0.
The second term on the RHS of (4.12) is nonzero precisely when ΓMk has an “extra”
g¯-dependence. As we discussed already, this dependence must disappear for k → 0, but at
finite k there is no reason why the RG evolution should not generate such a g¯-dependence.
So we can summarize the situation with matter by saying that, on the one hand, the
integrability of the tadpole equation generically requires a non-conserved T µν at k 6= 0,
and that on the other hand the very structure of the average action entails that the coarse
7 While this case is not considered in the present paper, we expect that in pure quantum gravity, too,
an Ek-term is generated.
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graining and the RG running actually do produce a non-conservation of a certain type.
Whether this generic non-conservation of T µν is such that it renders the tadpole equation
integrable cannot be assessed by general arguments but only in special examples; we shall
come back to this issue elsewhere.
It should also be emphasized that for the existence of an asymptotically safe funda-
mental theory it is by no means necessary that there are self-consistent backgrounds for all
physical situations. Such backgrounds are merely a convenient tool for the visualization of
special properties and predictions of the theory, but they are not needed for its construction
in terms of an RG flow on theory space. It is quite conceivable that in a regime where
the quantum effects are strong no self-consistent background will exist, indicating that the
concept of a classical mean field metric breaks down there.
5 Conclusion
The gravitational average action approach to quantum gravity solves the “background inde-
pendence” problem by giving an extra g¯-dependence to Γk. The average action Γk[gµν , g¯µν , · · · ]
is inherently of a bimetric nature. In particular a functional flow equation which is exact
in Wilson’s sense can be formulated only on a theory space of functionals depending on
two metrics. Almost all investigations within this framework performed to date employ
truncations which retain only the minimum extra g¯-dependence due to the gauge fixing
term. A comprehensive analysis of the extra background field dependence is highly de-
sirable, however, both for improving the quality and precision of the predictions, and for
gaining insights into various structural issues and problems which are obscured in a single
metric approximation. In particular in the Asymptotic Safety context bimetric trunca-
tions are likely to be unavoidable in order to improve upon the precision that has been
achieved already. In fact, in a first investigation based upon a bimetric ansatz [30] utilizing
the conformally reduced gravity framework, it was found that the modifications caused by
the generalization of the truncation are probably larger than the typical scheme depen-
dence within the original single metric truncation. Generalizing these investigations to full
fledged gravity is difficult because of the complicated functional traces appearing in the
FRGE.
In the present paper we took the first step in this direction by computing the RG
flow of a bimetric action Γk[A, g, g¯] for a set of scalar fields interacting with all irreducible
components of the metric. Yet, to simplify matters and to make the structural issues as
transparent as possible, we neglected the contribution of the metric fluctuations to the
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corresponding beta functions. This system was known to display a non-Gaussian fixed
point when analyzed within a single metric truncation [15, 17]. As for the Asymptotic
Safety program, our most important finding is that the bimetric truncation, too, gives rise
to such a fixed point, a very encouraging result indeed.
On the conceptual side, the discussions in this paper should have made it clear that in
an RG context there is no such thing as “the” Newton’s constant, or “the” cosmological
constant. At scales k 6= 0 the split symmetry which ties together h¯ and g¯ is broken by
the cutoff, and therefore an expansion of Γk[A, h¯; g¯] in powers of h¯ contains an infinite set
of different field monomials, and hence running couplings, which degenerate to the same
quantity at the physical point k = 0. For instance, there is a whole zoo of cosmological
constants Λ
(0)
k ,Λ
(1)
k ,Λ
(2)
k , · · · . In the h¯-expansion of Γk they are the coefficients of the
monomials which arise when we expand
√
g ≡
√
det(g¯µν + h¯µν) with respect to h¯µν . Those
monomials are characterized not only by the number of h¯’s they contain, but also by their
tensor structure. At order h¯2, for instance, the two basis monomials are (g¯µνh¯µν)
2 and
h¯µν g¯
µρg¯νσh¯ρσ.
Similar remarks apply to the sectors with a nonzero number of derivatives acting on h¯
and/or g¯. If I[g] = I[g¯ + h¯] is any invariant built from a single metric we can expand it
in h¯ and arrive at a representation I[g¯ + h¯] =
∑∞
n=0 u
(n)
class I
(n)[h¯; g¯]. Again, the expansion
generates infinitely many diffeomorphically invariant monomials in h¯, I(n)[h¯; g¯]. We assume
that they are normalized in some canonical way (“unit prefactor”). Hence the Taylor series
gives rise to a well defined set of coefficients u
(n)
class multiplying them. It is convenient to
take the I(n)’s as a subset of the basis elements spanning theory space. Then a single
invariant I[g], depending on one metric, is seen to supply infinitely many terms to be
included in Γk, and these terms depend on h¯ and g¯ independently. As split symmetry is
broken in general they evolve differently under the RG flow. Hence the corresponding part
of Γk reads
∑∞
n=0 u
(n)
k I
(n)[h¯; g¯] with k-dependent coefficients u
(n)
k . Only if split symmetry
happens to be intact we have u
(n)
k = u
(n)
class for all n.
Imposing the restoration of split symmetry at k = 0 provides a relation between these
coupling constants, fixing the initial conditions u
(n)
0 = u
(n)
class for all n, while coupling con-
stants not associated to an expansion of I[g¯ + h¯] have to vanish. This reduces the un-
determined couplings governing “asymptotically safe” RG trajectories to the ones present
in the single metric case. In other words, moving from the single metric to the bimetric
setup does not result in a proliferation of coupling constants, as one could have expected
initially.
In Sections 3 and 4 we made this structure explicit, working at the lowest nontrivial
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order of both the h¯- and the derivative-expansion. We derived the RG flow of the terms
linear in h¯, investigated its fixed point properties and, as an application, set up the tad-
pole equation for self-consistent background geometries. Even at the two-derivative level
this k-dependent field equation for g¯ does not exactly have the structure of the classical
Einstein equation. As it cannot be obtained as the variation of any single metric action,
further tensor structures are possible. As demonstrated in Section 4, the two-derivative
approximation of the tadpole equation can be rewritten in the style of Einstein’s equation,
but with a non-standard source term on its RHS. It also contains still another running
cosmological constant, Λ˜
(1)
k .
In Section 2 we performed a complementary analysis, for constant metrics gµν and g¯µν
only, but without assuming that h¯ = g − g¯ is small. Studying the RG flow of all possible
non-derivative terms we saw that, contrary to common belief, it is not predominantly a
√
g term which is induced by the vacuum fluctuations of the matter fields, but rather
√
g¯
and more complicated invariants involving both metrics. Even though this observation by
itself is not a solution to the cosmological constant problem it suggests that the possibility
of vacuum fluctuations curving spacetime should be investigated with much more care.
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A Beta functions for the derivative- and h¯-expansion
In this appendix we derive the RG equations (3.6) and (3.7) resulting from the truncation
ansatz (3.1).
A.1 The master equation
Using eq. (3.1) as the LHS of the FRGE (2.1), we obtain the following “master equation”
1
8π
∫
ddx
√
g¯
{
∂t
(
Λ
(0)
k
G
(0)
k
)
+
1
2
∂t
(
Λ
(1)
k
G
(1)
k
)
g¯µνh¯µν − 1
2
∂t
(
1
G
(0)
k
)
R¯
+
1
2
∂t
(
1
G
(1)
k
)
G¯µν h¯µν − 1
4
∂t
(
Ek
G
(1)
k
)
R¯ g¯µν h¯µν
}
=
1
2
Tr
[(
Γ
(2)
k [A, g = g¯ + h¯, g¯] +Rk[g¯]
)−1
∂tRk[g¯]
]
, (A.1)
from which all beta-functions for the running coupling constants can be read off, by match-
ing the coefficients of the h¯ and derivative expansion on both sides. Thus we must expand
its RHS in h¯µν and retain all terms of order zero and one. The field h¯µν appears only inside
the Hessian
Γ
(2)
k [A, g = g¯ + h¯, g¯] = Γ
(2)
k [A, g¯, g¯] + δΓ
(2)
k [g¯] +O(h¯
2
µν) . (A.2)
Here, by definition, δΓ
(2)
k [g¯] stands for the term linear in h¯µν . Upon inserting (A.2) into
the functional trace of (A.1) and expanding the denominator we see that the RHS of the
master equation (A.1) is given by the sum of the following two traces, containing the order
zero and order one contributions, respectively
T0 =
1
2
Tr
[(
Γ
(2)
k [A, g¯, g¯] +Rk[g¯]
)−1
∂tRk[g¯]
]
, (A.3)
T1 =− 1
2
Tr
[(
Γ
(2)
k [A, g¯, g¯] +Rk[g¯]
)−2
∂tRk[g¯] δΓ(2)k [g¯]
]
. (A.4)
In the sequel, we will evaluate these traces up to first order in the background curvature,
employing early-time heat-kernel techniques.
A.2 Matrix elements of Γ
(2)
k and δΓ
(2)
k
We start by computing the position space matrix elements (2.2) for the functional (3.1).
For h¯ 6= 0, i.e., g 6= g¯(
Γ
(2)
k [A, g, g¯]
)
xy
=− 1
2
1√
g¯(x)
√
g¯(y)
[√
g(x)x δ(x− y) +
√
g(y)y δ(x− y)
]
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+√
g(x)
g¯(x)
Uk′′(A(x)) δ(x− y) . (A.5)
Note the occurrence of both g and g¯ in (A.5). As always,  ≡ gµνDµDν stands for the
Laplace-Beltrami operator built from gµν . Further expanding the matrix elements (A.5)
up to first order in h¯µν we obtain the linear term, with the abbreviation γ ≡ 12 g¯µνh¯µν ,(
δΓ
(2)
k
)
xy
=− 1
2
[
γ(x)√
g¯(y)
x δ(x− y) + γ(y)√
g¯(x)
y δ(x− y)
]
− 1
2
[
1√
g¯(y)
δx δ(x− y) + 1√
g¯(x)
δy δ(x− y)
] ∣∣∣∣∣
g=g¯
+
γ(x)√
g¯(x)
Uk′′(A(x)) δ(x− y) . (A.6)
Formally this result is obtained by applying a variation δgµν = h¯µν to (A.5) and setting
g = g¯ afterwards. The variation of the Laplacian, δ
∣∣
g=g¯
, is left unevaluated for the time
being. In fact we shall see that there is a very elegant way of calculating this type of traces
without relying on explicit expressions.
A.3 Associated differential operators and IR-cutoff
Applying the rule described in the paragraph following eq. (2.2) we can associate a differ-
ential operator to the matrix elements
(
Γ
(2)
k
)
xy
. For (A.5) this yields
Γ
(2)
k [A, g, g¯] =
√
g(x)√
g¯(x)
[
− + Uk′′(A)
]
. (A.7)
In particular, for g = g¯,
Γ
(2)
k [A, g¯, g¯] = − + Uk′′(A) . (A.8)
Analogously, the differential operator resulting from (A.6) is
δ Γ
(2)
k = −
1
2
[
γ(x) +  γ(x) + δ+ (δ)†
]
+ γ(x)Uk′′(A) . (A.9)
Here the hermitian adjoint operator (δ)† is defined with respect to the inner product
given by (A1,A2) ≡
∫
ddx
√
g¯(x)A1(x)A2(x).
At this point a word of caution might be appropriate. While the matrix elements of
δ Γ
(2)
k can be obtained by applying a formal variation “δ” to those of Γ
(2)
k , the same is not
true for the associated differential operators. If we naively apply a “δ” to eq. (A.7) the
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result is not the (correct) equation (A.9); in place of the hermitian combinations γ+γ
and δ+ (δ)†, respectively, we would obtain the non-hermitian operators 2γ and 2δ.
Considering (A.8), we can see that the correctly adjusted cutoff operator is given by
Rk[g¯] = k2 R(0)
(
− 
k2
)
≡ Rk(−) , (A.10)
since then
Γ
(2)
k [A, g¯, g¯] +Rk[g¯] = − + Rk[g¯] + Uk′′(A) , (A.11)
so that the inverse propagator of the low momentum modes becomes −+ k2 + Uk′′, as it
should be.
A.4 The relevant traces
Let V : R → R be an arbitrary real valued function. Then V (D2(g))† = V (D2(g)) is
hermitian with respect to (· , ·), whence Tr[V (D2(g))] is real for any metric gµν . As a
consequence, δTr[V (D2(g))] = Tr[V ′(D2(g¯))δD2] ≡ Tr[V (D2(g¯ + h¯))] − Tr[V (D2(g¯))] is
real, too. Furthermore, since Tr[A†] = Tr[A]∗ for any matrix A, we may write
Tr
[
V ′(D2(g¯))δD2
]
= Tr
[{
V ′(D2(g¯))δD2
}†]
= Tr
[{
δD2
}†{
V ′(D2(g¯))
}†]
= Tr
[
V ′(D2(g¯))
{
δD2
}†]
.
This relation implies, for an arbitrary function F ≡ V ′,
1
2
Tr
[
F ()
(
δ+ (δ)†
)]
= Tr
[
F () δ
]
. (A.12)
Likewise exploiting the cyclicity of the trace we have
1
2
Tr
[
F ()
(
γ+γ
)]
= Tr
[
F ()  γ
]
. (A.13)
The identities (A.12) and (A.13) imply that under the trace (A.4) we may effectively
replace the operator δΓ(2) of eq. (A.9) with
[ −  + Uk′′(A)]γ − δ. As a consequence of
this, and also by using (A.9) we may rewrite T0 and T1 ≡ TA1 + TB1 according to
T0 =
1
2
Tr
[(
−+Rk(−) + Uk′′(A)
)−1
∂tRk(−)
]
, (A.14)
TA1 =−
1
4
Tr
[(
−+Rk(−) + Uk′′(A)
)−2
∂tRk(−)
(
−+ Uk′′(A)
)
g¯µνh¯µν
]
, (A.15)
TB1 =−
1
2
Tr
[(
−+Rk(−) + Uk′′(A)
)−2
∂tRk(−) δ(−)
]
. (A.16)
Thus the RHS of the master formula is given by the sum T0 + T
A
1 + T
B
1 .
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A.5 Explicit evaluation of the operator traces
We are now in the position to compute the traces T0, T
A
1 , and T
B
1 explicitly. From now on
we set Uk′′ = m¯2 =const, as in the main text.
(A) Evaluation of T0
The trace T0 of (A.14) provides the order zero contribution that occurred already in the
single metric truncation. It is straightforwardly evaluated using the familiar heat kernel
based expansion [1]
Tr
[
W (−D2)] = (4π)−d/2 tr(I) {Qd/2[W ] ∫ ddx√g + 16 Qd/2−1[W ] ∫ ddx√g R + O(R2)
}
(A.17)
with Qn[W ] ≡ 1Γ(n)
∫∞
0
dz zn−1W (z) and tr(I) denoting the unit-trace with respect to the
internal indices which, in our case, just counts the number of scalars. The result is most
conveniently expressed in terms of the standard threshold functions [1]
Φpn(w) ≡
1
Γ(n)
∫ ∞
0
dz zn−1
R(0)(z) − z R(0)′(z)[
z + R(0)(z) + w
]p . (A.18)
Applying (A.17) to (A.14) yields, retaining terms with at most two derivatives of g¯µν ,
T0 =
ns
(4π)d/2
{
kdΦ1d/2(m
2)
∫
ddx
√
g¯ + 1
6
kd−2 Φ1d/2−1(m
2)
∫
ddx
√
g¯ R¯
}
. (A.19)
(B) Evaluation of TA1
The trace TA1 is also fairly simple to compute since the local form of (A.17) suffices for this
purpose. In fact, when we evaluate the trace (A.15) in the position space representation
we may pull out the position dependent operator g¯µν(xˆ)h¯µν(xˆ) from the matrix element by
virtue of the eigenvalue equation of xˆ:
TA1 =
∫
ddx 〈x| {· · · } g¯µν(xˆ)h¯µν(xˆ) |x〉
=
∫
ddx 〈x| {· · · } |x〉 g¯µν(x)h¯µν(x) . (A.20)
Using the local analog of equation (A.17) for the diagonal matrix element 〈x|{· · · }|x〉 we
arrive at
TA1 = −
ns
4(4π)d/2
kd
[
d Φ2d/2+1(m
2) + 2m2 Φ2d/2(m
2)
] ∫
ddx
√
g¯ g¯µνh¯µν
− ns
24(4π)d/2
kd−2
[
(d− 2) Φ2d/2(m2) + 2m2 Φ2d/2−1(m2)
] ∫
ddx
√
g¯ R¯ g¯µνh¯µν .
(A.21)
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(C) Evaluation of TB1
In general the evaluation of traces involving factors of δ requires very lengthy computa-
tions and this is in fact the reason why we restrict ourselves to the first order in h¯µν in the
present paper. The trace (A.16) has the structure Tr[{· · · }δ] with a single δ insertion
only, and such traces can be calculated very elegantly by means of the following trick. The
expansion (A.17) is identically satisfied for all metrics gµν . We may therefore perform the
variation gµν → gµν + δgµν on both sides of this expansion. After a short calculation the
result is found to be
Tr
[
W (−D2)δ(−D2)
]
=
1
(4π)d/2
tr(I)
∫
ddx
√
g
{
− 1
2
Qd/2+1[W ] g
µν
+ 1
6
Qd/2[W ]
(
Gµν − DµDν + gµνD2
)}
δgµν . (A.22)
With this identity in our hands it is now straightforward to calculate TB1 . Applying
(A.22) with gµν = g¯µν and δgµν = h¯µν to (A.16) we find, discarding surface terms,
TB1 =
ns
2(4π)d/2
kdΦ2d/2+1(m
2)
∫
ddx
√
g¯ g¯µνh¯µν
− ns
6(4π)d/2
kd−2Φ2d/2(m
2)
∫
ddx
√
g¯ G¯µν h¯µν .
(A.23)
The analogous computations at order h¯2µν and higher are considerably more involved [65].
(D) The beta functions
The RHS of eq. (A.1) is explicitly known at this point; it is given by the sum of (A.19),
(A.21) and (A.23). By equating the coefficients of like field monomials on both sides of
(A.1) we can now read off the beta functions for the various combinations of coupling
constants. Expressing the result in terms of dimensionless variables we thus arrive at the
final results given in eqs. (3.6) and (3.7) of the main text.
References
[1] M. Reuter, Phys. Rev. D 57 (1998) 971 and hep-th/9605030.
[2] S. Weinberg in General Relativity, an Einstein Centenary Survey,
S. W. Hawking and W. Israel (Eds.), Cambridge University Press (1979).
[3] S. Weinberg, arXiv:0903.0568 [hep-th].
29
[4] S. Weinberg, arXiv:0908.1964 [hep-th].
[5] D. Dou and R. Percacci, Class. Quant. Grav. 15 (1998) 3449.
[6] O. Lauscher and M. Reuter, Phys. Rev. D 65 (2002) 025013 and hep-th/0108040.
[7] M. Reuter and F. Saueressig, Phys. Rev. D 65 (2002) 065016 and hep-th/0110054.
[8] O. Lauscher and M. Reuter, Phys. Rev. D 66 (2002) 025026 and hep-th/0205062.
[9] O. Lauscher and M. Reuter, Class. Quant. Grav. 19 (2002) 483 and hep-th/0110021.
[10] O. Lauscher and M. Reuter, Int. J. Mod. Phys. A 17 (2002) 993 and hep-th/0112089.
[11] W. Souma, Prog. Theor. Phys. 102 (1999) 181.
[12] M. Reuter and F. Saueressig, Phys. Rev. D 66 (2002) 125001 and hep-th/0206145;
Fortschr. Phys. 52 (2004) 650 and hep-th/0311056.
[13] A. Bonanno and M. Reuter, JHEP 02 (2005) 035 and hep-th/0410191.
[14] For reviews see: M. Reuter and F. Saueressig, arXiv:0708.1317 [hep-th];
O. Lauscher and M. Reuter in Quantum Gravity, B. Fauser,
J. Tolksdorf and E. Zeidler (Eds.), Birkha¨user, Basel (2007) and hep-th/0511260;
O. Lauscher and M. Reuter in Approaches to Fundamental Physics,
I.-O. Stamatescu and E. Seiler (Eds.), Springer, Berlin (2007).
[15] R. Percacci and D. Perini, Phys. Rev. D 67 (2003) 081503;
Phys. Rev. D 68 (2003) 044018; Class. Quant. Grav. 21 (2004) 5035.
[16] A. Codello and R. Percacci, Phys. Rev. Lett. 97 (2006) 221301;
A. Codello, R. Percacci and C. Rahmede, Int. J. Mod. Phys. A 23 (2008) 143.
[17] A. Codello, R. Percacci and C. Rahmede, Annals Phys. 324 (2009) 414 and
arXiv:0805.2909 [hep-th].
[18] O. Zanusso, L. Zambelli, G. P. Vacca and R. Percacci, arXiv:0904.0938 [hep-th].
[19] D. Litim, Phys. Rev. Lett. 92 (2004) 201301; AIP Conf. Proc. 841 (2006) 322;
P. Fischer and D. Litim, Phys. Lett. B 638 (2006) 497;
AIP Conf. Proc. 861 (2006) 336.
30
[20] P.F. Machado and F. Saueressig, Phys. Rev. D 77 (2008) 124045 and
arXiv:0712.0445 [hep-th].
[21] D. Benedetti, P. Machado and F. Saueressig, Mod. Phys. Lett. A 24 (2009) 2233 and
arXiv:0901.2984 [hep-th]; Nucl. Phys. B 824 (2010) 168 and arXiv:0902.4630 [hep-th];
arXiv:0909.3265 [hep-th].
[22] A. Eichhorn, H. Gies and M. M. Scherer, Phys. Rev. D 80 (2009) 104003;
A. Eichhorn and H. Gies, arXiv:1001.5033 [hep-th];
K. Groh and F. Saueressig, arXiv:1001.5032 [hep-th].
[23] O. Lauscher and M. Reuter, JHEP 10 (2005) 050 and hep-th/0508202.
[24] M. Reuter and J.-M. Schwindt, JHEP 01 (2006) 070 and hep-th/0511021;
JHEP 01 (2007) 049 and hep-th/0611294.
[25] M. Reuter and H. Weyer, Phys. Rev. D 79 (2009) 105005 and
arXiv:0801.3287 [hep-th]; Gen. Rel. Grav. 41 (2009) 983 and
arXiv:0903.2971 [hep-th].
[26] M. Reuter and H. Weyer, Phys. Rev. D 80 (2009) 025001 and
arXiv:0804.1475 [hep-th].
[27] P.F. Machado and R. Percacci, Phys. Rev. D 80 (2009) 024020.
[28] E. Manrique and M. Reuter, Phys. Rev. D 79 (2009) 025008 and
arXiv:0811.3888 [hep-th].
[29] E. Manrique and M. Reuter, arXiv:0905.4220 [hep-th].
[30] E. Manrique and M. Reuter, Annals Phys. 325 (2010) 785 and
arXiv:0907.2617 [gr-qc].
[31] J.-E. Daum, U. Harst and M. Reuter, JHEP 01 (2010) 084 and
arXiv:0910.4938 [hep-th].
[32] J.-E. Daum and M. Reuter, Advanced Science Letters 2 (2009) 255 and
arXiv:0806.3907 [hep-th]; preprint arXiv:0910.5401 [hep-th].
[33] M. Shaposhnikov and C. Wetterich, Phys. Lett. B 683 (2010) 196.
[34] M. Niedermaier, Phys. Rev. Lett. 103 (2009) 101303.
31
[35] P. Forga´cs and M. Niedermaier, hep-th/0207028;
M. Niedermaier, JHEP 12 (2002) 066; Nucl. Phys. B 673 (2003) 131;
Class. Quant. Grav. 24 (2007) R171.
[36] For detailed reviews of asymptotic safety in gravity see:
M. Niedermaier and M. Reuter, Living Reviews in Relativity 9 (2006) 5;
R. Percacci in Approaches to Quantum Gravity, D. Oriti (Ed.), Cambridge University
Press (2009).
[37] C. Wetterich, Phys. Lett. B 301 (1993) 90.
[38] M. Reuter and C. Wetterich, Nucl. Phys. B 417 (1994) 181; Nucl. Phys. B 427 (1994)
291; Nucl. Phys. B 391 (1993) 147; Nucl. Phys. B 408 (1993) 91;
M. Reuter, Phys. Rev. D 53 (1996) 4430; Mod. Phys. Lett. A 12 (1997) 2777.
[39] J. Berges, N. Tetradis and C. Wetterich, Phys. Rep. 363 (2002) 223;
C. Wetterich, Int. J. Mod. Phys. A 16 (2001) 1951.
[40] D. Litim, Phys. Lett. B 486 (2000) 92; Phys. Rev. D 64 (2001) 105007;
Int. J. Mod. Phys. A 16 (2001) 2081.
[41] A. Bonanno and M. Reuter, Phys. Rev. D 62 (2000) 043008 and hep-th/0002196;
Phys. Rev. D 73 (2006) 083005 and hep-th/0602159; Phys. Rev. D 60 (1999) 084011
and gr-qc/9811026.
[42] M. Reuter and E. Tuiran, in Proceedings of the Eleventh Marcel Grossmann Meeting,
H. Kleinert, R. Jantzen, R. Ruffini (Eds.), World Scientific, Singapore (2007) and
hep-th/0612037.
[43] A. Bonanno and M. Reuter, Phys. Rev. D 65 (2002) 043508 and hep-th/0106133;
M. Reuter and F. Saueressig, JCAP 09 (2005) 012 and hep-th/0507167.
[44] A. Bonanno and M. Reuter, Phys. Lett. B 527 (2002) 9 and astro-ph/0106468;
Int. J. Mod. Phys. D 13 (2004) 107 and astro-ph/0210472;
E. Bentivegna, A. Bonanno and M. Reuter,
JCAP 01 (2004) 001 and astro-ph/0303150.
[45] A. Bonanno and M. Reuter, JCAP 08 (2007) 024 and arXiv:0706.0174 [hep-th];
J. Phys. Conf. Ser. 140 (2008) 012008 and arXiv:0803.2546 [astro-ph].
32
[46] M. Reuter and H. Weyer, Phys. Rev. D 69 (2004) 104022 and hep-th/0311196.
[47] M. Reuter and H. Weyer, Phys. Rev. D 70 (2004) 124028 and hep-th/0410117.
[48] M. Reuter and H. Weyer, JCAP 12 (2004) 001 and hep-th/0410119.
[49] F. Girelli, S. Liberati, R. Percacci and C. Rahmede,
Class. Quant. Grav. 24 (2007) 3995.
[50] D. Litim and T. Plehn, Phys. Rev. Lett. 100 (2008) 131301.
[51] J. Moffat, JCAP 05 (2005) 2003;
J. R. Brownstein and J. Moffat, Astrophys. J. 636 (2006) 721;
Mon. Not. Roy. Astron. Soc. 367 (2006) 527.
[52] S. Weinberg, arXiv:0911.3165 [hep-th].
[53] For general introductions see:
C. Kiefer, Quantum Gravity, Second Ed., Oxford Science Publications, Oxford (2007);
H. Hamber, Quantum Gravitation, Springer, Berlin (2008).
[54] D. Giulini in Approaches to Fundamental Physics, I.-O. Stamatescu and E. Seiler
(Eds.), Springer, Berlin (2007).
[55] A. Ashtekar, Lectures on non-perturbative canonical gravity,
World Scientific, Singapore (1991);
A. Ashtekar and J. Lewandowski, Class. Quant. Grav. 21 (2004) R53.
[56] C. Rovelli, Quantum Gravity, Cambridge University Press, Cambridge (2004).
[57] Th. Thiemann, Modern Canonical Quantum General Relativity,
Cambridge University Press, Cambridge (2007).
[58] H.W. Hamber, Gen. Rel. Grav. 41 (2009) 817; Phys. Rev. D 45 (1992) 507; Phys. Rev.
D 61 (2000) 124008; arXiv:0704.2895 [hep-th];
T. Regge and R.M. Williams, J. Math. Phys. 41 (2000) 3964.
[59] J. Ambjørn, J. Jurkiewicz and R. Loll, Phys. Rev. Lett. 93 (2004) 131301.
[60] J. Ambjørn, J. Jurkiewicz and R. Loll, Phys. Lett. B 607 (2005) 205.
33
[61] J. Ambjørn, J. Jurkiewicz and R. Loll, Phys. Rev. Lett. 95 (2005) 171301;
Phys. Rev. D 72 (2005) 064014; Contemp. Phys. 47 (2006) 103.
[62] L.F. Abbott, Nucl. Phys. B 185 (1981) 189; Acta Phys. Polon. B 13 (1982) 33;
B.S. DeWitt, Phys. Rev. 162 (1967) 1195;
G. ’t Hooft in Acta Universitatis Wratislavensis no. 38, 1975;
M.T. Grisaru, P. van Nieuwenhuizen and C.C. Wu, Phys. Rev. D 12 (1975) 3203;
D.M. Capper, J.J. Dulwich and M. Ramon Medrano, Nucl. Phys. B 254 (1985) 737;
S.L. Adler, Rev. Mod. Phys. 54 (1982) 729.
[63] R. Floreanini and R. Percacci, Phys. Rev. D 46 (1992) 1566;
Nucl. Phys. B 436 (1995) 141 and hep-th/9305172.
[64] E. Manrique, M. Reuter and F. Saueressig, in preparation.
[65] A. Codello, in preparation.
34
